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Introduction

@ Nonlinear Genera Relativity equations - Black Holes.

@ Nonlinear Navier-Stokes equations - turbulence, formation of
dorps,...



Ui — AU+ pU — UP =0, U= U(x,t), x € R". (1)J

o ;=0 NLW
o 1 =1 NLKG
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@ Used by enginieers by building small-scale mockups that
resemble oryignal-scale model.

@ Dimension analysis of nuclear explosion by G.I. Taylor.

@ Supernova blast.



Equation symmetry




Equation symmetry

Ur(t,r) = AU (;g) C a=—2

| A\

Energy functional

1 1 1
E[U] = “U2 4+ 2 (VU2 — ——— Pt ) gn
= [ (043002 - o) anx
scales as
E[U\] = NE[U],

where § = ("_2);’#.




Equation symmetry

Ur(t,r) = AU (;g) C a=—2

Energy functional

| A\
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U] /R<2 S (V0F - .

scales as
E[U\] = NELU],

where § = ("_2);’#.

Scaling is:

@ critical for 8 =0, i.e. p=po = ng

@ subcritical p < pq,
@ supercritical p > pq.
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@ Solution around p = 0 are simple Taylor series.

' = o]
os os
0 fl o
s 0s



Self-similar solutions

@ Solution around p = 0 are simple Taylor series.
@ Solutions around p =1 are:
o simple Taylor series for k = ("72:87%')'73

o complicated when k - integer (resonance condition);

- noninteger;




Self-similar solutions

@ Solution around p = 0 are simple Taylor series.
@ Solutions around p =1 are:

o simple Taylor series for k = ("72:87%')'73
o complicated when k - integer (resonance condition);

- noninteger;

@ These solutions can be matched - we get global solution on
p € [0;1].Countable family of self-similar profiles.




Self-similar solutions

@ Solution around p = 0 are simple Taylor series.
@ Solutions around p =1 are:

o simple Taylor series for k = ("72:87%')'73
o complicated when k - integer (resonance condition);

- noninteger;

@ These solutions can be matched - we get global solution on
p € [0;1].Countable family of self-similar profiles.

@ There is simple numerical method to construct these solutions.




Self-similar solutions

@ Movable singularities for local solutions at p = 0 are connected
with singularities of Lane-Emden equation.
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Self-similar solutions

@ Movable singularities for local solutions at p = 0 are connected
with singularities of Lane-Emden equation.

@ Global solution vanish when p — co.
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How similar the evolution of (NLW)

n—1
r

Utt — U — Ur — UP =0 (4)

is to the evolution of (NLKG)

n—1

Utt_Urr_ Ur+U_Up:0. (5)

r

Blowup asyptotics of (4) is structurally stable under the
perturbation resultin in adding the mass term.




ODE blowup

Time independent solution for NLW:
1
bo 2(P + 1) p—1
Uo(t) = ———, bp = —
0= b= (0
is stable and is the attractor for the solutions that blows up in finite
time. It is true for arbitrary spatial dimension.
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Intermediate attractors

Attractor
Dispersion

time .
! Critical solution ()
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Intermediate attractors - no hair theorems BH

Initial shape

Perfectly spherical Black Hole

A
A




Supercritical cases

@ /-th self-similar solution has / unstable modes.

(O 2u(er(T-0)

S -10000

-15000
T-t=0.0.0056,numerics ——

~20000 T-1=0.0056,theory - 1
T-t=0.00358 numerics

25000 T-t=0.00358 theory ]

T-t=0.0011,numerics -----
T-t=0.0011 theory -----
-30000
0 0.005 0.01 0.015 0.02

Similar plots can be obtained for NLKG.



Supercritical cases

@ /-th self-similar solution has / unstable modes.
@ First solution is intermediate attractor (even for special k
cases):
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Supercritical cases

@ /-th self-similar solution has / unstable modes.
@ First solution is intermediate attractor (even for special k
cases):

u1(p) &1(p)
T—0 " ST tpata

@ For NLKG intermediate asymptotics ,,converges” to the first
self-similar solution of NLW.

U(t,r) = + damped modes,
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Similar plots can be obtained for NLKG.
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@ There exist only one self-similar solution (apart from the trivial
one).
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Critical cases

@ There exist only one self-similar solution (apart from the trivial
one).

@ Static solution plays special role (it is unstable - one mode):

Q(r) = m b— p4—_nl, Qu(r) = %Q(r/)\). (6)

@ Possible behaviours:

@ Type | blowup - generic one.
Type Il blowup - (6) z limy_, 7 A\(t) — 0.
Solution converges to static solution.
»Dispersion"

¢ ¢ €



Critical cases

Numerical simulations with initial conditions:

_(ﬂ)4
U(t=0,r)=Ar’e \"s /| U(t=0,r)=0;

A and xg are parameters, s fixed.

\2 1




NLKG-n=3,p=3
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2 3
Sy+-5 -S+85°=0
r

with S(0) = 4.34....
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NLKG-n=3, p=3

2
U — Uy — U, + U = U? =0,
r
@ Static solution is unstable attractor
2 3
Sy+-5 -S+85°=0
r
with S(0) = 4.34....

@ Expansion around the attractor

sin(t + 0)

U(t,r) = S(r) + Age® w(r)+ C 372

v(A=0,r).

o Numeric suggests damping of the type ~ t~1/2.
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A few strict results...

...what mathematicans can say about this.
(some results of J. Krieger, K. Nakanishi, W. Schlag, O. Costin, D.
Tataru, R. Donninger, P. Raphael,...)



Singularity formation for (some) nonlinear equations [2]

d?u

P =AW+ F), telT), u0)=uw, ul0)=uw

@ u(t) mapping form some region to Hilbert space;

@ A(t) - symmetric, non-negative operator for t > 0 (e.g.
Laplace operator);

@ P - symmetric, positive operator (e.g. identity);

@ F - nonlinear term (e.g. polynomial);



Singularity formation for (some) nonlinear equations [2]

Let F has ,potential functional” given by

1
Vi) = [ (Fe0. e,
0
and let exists o > 0, that
(x, F(x)) > 2(2a+ 1) V(x),
then, if
1
V(up) > 5[(uo,A(0)u0) + (vo, Pvo)] =: Ejin(0),
then u exists only for finite times T < oo:

lim;_ - (u, Pu) = +o0.



Singularity formation for (some) nonlinear equations [2]

Let F has ,potential functional” given by

1
Vi) = [ (Fe0. e,
0
and let exists o > 0, that
(x, F(x)) > 2(2a+ 1) V(x),
then, if
1
V(up) > 5[(uo,A(0)u0) + (vo, Pvo)] =: Ejin(0),
then u exists only for finite times T < oo:
lim;_ - (u, Pu) = +o0.

When V/(up) < Ejin(0) could have exists for arbitrary times...



Types of behaviour for critical p =5

For radial solution v in critical case there is possible to develop into:

@ Type | blowup: T, (uv) < oo and
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Types of behaviour for critical p =5

For radial solution v in critical case there is possible to develop into:

@ Type | blowup: T, (uv) < oo and

lime 7 |[(u(t), Oru(t))]| 12 = 0

@ Type Il blowup: T, (u) < co and there exist the functions
(vo, Brvi) € HY x L2, the number J € N\{0}, that for
J€{1,...,J}, and for signs of ij € {£} and for the positive
functions \;(t) defined for t close to T we have

M) < ... <)< T —t dla t— Ty,

(u(t), Beu(t)) — <VO+Z 1/2"(%&)) ,n)
J

limg_, T, =0

Hlx12



Types of behaviour for critical p =5

@ Global solution: T, (u) = oo and there exist the solution v,
of the linear equation, the number J € N, that for
J€{1,...,J}, and for the sign of i; € {£} and positive
functions \;(t) defined for large t we have

M) < ... < )<t dla t— oo,

i

J , «
El —_— v,
; Aj(0)1/2 Q ()\j(t)> O L(t))

J

=0,

”ml‘—>+<>c

(u(t), Oeu(t)) — (VL(f) +

Hlx L2

K%k

f(t) < g(t) for t — L when /imtﬁL% =0.



,Energy” for critical case p =5

o If E(u) < 0 then solution blows up in finite time

lime—s 7, ([luCx; )|+ [[0ru(x, £)]|2) = oo;

o If E(up, vo) < E(Q,0) then:
o for || v wol| < || v Q|| - the solutions exists for all times;
o for || 7 wol| > || v Q|| - the solutions blows up.;
o If E(up,vo) = E(Q,0) (energy threshold) then for data
|| 7 ol + ||vo]] < || v Q]| we have global existence; the only
solutions with this class that do not disperse are +Q.



,Energy” for critical case p =5

o Blowup in finite time (type | + Il):
lime 7 [|(u(t), Ocu(t))ll g 2 € (I 7 QI o0]
@ Global existence:
lime 7, 1(u(e), Beu(e))l oz = A

such that
2E (uo, u1) < A < 3E(up, u1)-

(uo, u1) - initial data with H! x [2.



Subcritical NLKG n =3, p=3

Let S be a radial solution of static equation
~NS+S5=35%
The energy of this solution fulfills
E(S)=:J(S) > 0.

Solutions below the energy of static solution E(u) < E(S)
depending on the value of

Ko(u) := Oz\J(Au)|x=1

develop into

@ Kp(u(0)) < 0 - global solutions for all times;

@ Ko(u(0)) > 0 - blowup in finite time £T;
There also exist ,,one pass theorems” that say that the solution can
reach the neighborhood of +5 only once during the evolution !
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Thank you for your attention.
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